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ABSTRACT
Thermodynamics play an important role in determining the way a protostellar disc
fragments to form planets, brown dwarfs and low-mass stars. We explore the effect
that different treatments of radiative transfer have in simulations of fragmenting discs.
Three prescriptions for the radiative transfer are used, (i) the diffusion approximation
of Stamatellos et al. (2007a), (ii) the barotropic equation of state (EOS) of Goodwin
et al. (2004a), and (iii) the barotropic EOS of Bate et al. (2003). The barotropic
approximations capture the general evolution of the density and temperature at the
centre of each proto-fragment but (i) they do not make any adjustments the particular
circumstances of a proto-fragment forming in the disc, and (ii) they do not take into
account thermal inertia effects that are important for fast-forming proto-fragments in
the outer disc region. As a result, the number of fragments formed in the disc and their
properties are different, when a barotropic EOS is used. This is important not only for
disc studies but also for simulations of collapsing turbulent clouds, as in many cases in
such simulations stars form with discs that subsequently fragment. We also examine
the difference in the way proto-fragments condense out in the disc at different distances
from the central star using the diffusion approximation and following the collapse of
each proto-fragment until the formation of the second core (ρ ≃ 10−3 g cm−3). We
find that proto-fragments forming closer to the central star tend to form earlier and
evolve faster from the first to the second core than proto-fragments forming in the
outer disc region. The former have a large pool of material in the inner disc region
that they can accrete from and grow in mass. The latter accrete more slowly and they
are hotter because they generally form in a quick abrupt event.
Key words: Stars: formation – Stars: low-mass, brown dwarfs – accretion, accretion
disks – Methods: Numerical, Radiative transfer, Hydrodynamics
1 INTRODUCTION
The formation of discs around young stars is an integral
part of the star formation process. The presence of discs has
long been inferred from the spectral energy distributions of
young Pre-Main Sequence stars; these show long-wavelength
emission in excess of the photospheric emission from the stel-
lar surface, and this long-wavelength emission is attributed
to a disc. Moreover, in the last 15 years, discs have been
imaged directly, both in absorption and emission with the
Hubble Space Telescope and with ground bases telescopes
using adaptive optics (e.g. Watson et al. 2007).
On the theoretical front discs have been studied for over
30 years (e.g. Lynden-Bell & Pringle 1974). Discs around
young stars are a natural outcome of the angular momen-
tum of the parental cores that collapse to form these stars.
Most of the matter from such a core cannot accrete directly
onto the young protostar but firstly falls onto the disc and
⋆ E-mail:D.Stamatellos@astro.cf.ac.uk
then spirals inwards onto the protostar. The disc matter
has to redistribute its angular momentum so that it can ac-
crete onto the protostar. An important role in this process
is played by the effective disc viscosity (e.g. Clarke 2009).
The origin of the disc viscosity is still undetermined. It is
believed that gravitational instabilities (Toomre 1964; Lin &
Pringle 1987) or magneto-rotational instabilities (Balbus &
Hawley 1991) may play an important role in redistributing
angular momentum in discs.
Thermodynamics play an important role in determining
whether a disc can fragment to form planets, brown dwarfs
and low-mass stars. For fragmentation to occur the disc must
satisfy the Toomre criterion (Toomre 1964), i.e. it has to be
massive enough so that gravity can overcome thermal and
local centrifugal support,
Q(R) ≡
c(R)κ(R)
pi GΣ(R)
. 1 ; (1)
here Q is the Toomre parameter, c is the sound speed, κ is
the epicyclic frequency, and Σ is the surface density. Gammie
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(2001) has pointed out that for a disc to fragment, the disc
must also cool efficiently so that proto-condensations form-
ing in the disc do not simply undergo an adiabatic bounce
and dissolve. Both theory and simulations (Gammie 2001;
Johnson & Gammie 2003; Rice et al. 2003, 2005; Mayer et
al. 2004; Mejia et al. 2005; Stamatellos et al. 2007b) indicate
that for disc fragmentation to occur, the cooling time must
satisfy
t
COOL
< C(γ) t
ORB
, 0.5 . C(γ) . 2.0 ; (2)
here t
ORB
is the local orbital period, and γ is the adiabatic
exponent. The factor C(γ) is found to be higher for lower γ
(e.g. higher for γ = 7/5 than for γ = 5/3; Rice et al. 2005).
It also depends on how fast the cooling rate reduces due to
secular disc evolution from an initial higher value (Clarke et
al. 2007).
Limitations in computing power have made it impossi-
ble to study the evolution of discs including a full treatment
for the radiative transfer (i.e. multi-frequencies, 3 dimen-
sions). Traditionally the effect of radiative transfer in hy-
drodynamic simulations of star formation has been taken
into account using a barotropic EOS, e.g.
P (ρ)
ρ
≡ c2s(ρ) = c
2
0
[
1 +
(
ρ
ρcrit
)γ−1]
, (3)
where P is the pressure, ρ is the density, cs is the isothermal
sound speed and c0 is the isothermal sound speed in the low-
density gas (e.g. c0 = 0.19 km s
−1 for molecular hydrogen at
10 K). The use of a barotropic EOS aims to reproduce the
evolution of the density and temperature at the centre of
a collapsing fragment. Initially at densities < 10−13g cm−3
the gas is approximately isothermal, hence P ∝ ρ. When the
density increases above the critical value ρcrit ∼ 3× 10
−13g
cm−3, the center of the fragment becomes optically thick
and the collapse proceeds adiabatically, hence P ∝ ργ .
The adiabatic exponent is initially 5/3 (molecular hy-
drogen behaves effectively as a monatomic gas) and then
becomes 7/5 when the hydrogen molecules are rotationally
excited. Usually ρcrit and γ are set so as to match the evo-
lution at the centre of a 1-M⊙ molecular cloud (e.g. Larson
1969; Masunaga & Inutsuka 2000). This is not ideal as (i)
it does not account of the fact that the evolution of tem-
perature and density away from the centre of the cloud is
not the same as in the cloud centre, (ii) it ignores the fact
that lower mass fragments become optically thick at larger
densities than higher mass fragments, and (iii) it ignores the
effects of thermal inertia, i.e. situations where the thermal
timescale is comparable with, or longer than, the dynamical
timescale (Boss et al. 2000). Previous studies have shown
that the outcome of cloud fragmentation is sensitive to the
values of ρcrit and γ used (e.g. Li et al. 2003; Jappsen et al.
2005; Larson 2005).
In the last few years the increase in computing power
has made possible to use the diffusion approximation to
treat the effects of radiative transfer in high-resolution sim-
ulations of low- and high-mass star formation (Boss et al.
2000; Whitehouse & Bate 2006; Stamatellos et al. 2007a;
Krumholz et al. 2007; Mayer et al. 2007; Forgan et al. 2009).
In this paper we examine the effect of different treat-
ments of the energy equation on hydrodynamic simulations
of disc fragmentation. We focus on discs that are massive
enough for the Toomre criterion to be satisfied and extended
enough for the Gammie criterion to be satisfied in their outer
regions. Such discs will inevitably fragment and we seek to
determine how the number of fragments and their properties
(e.g. mass, radius of formation) depend on the disc thermo-
dynamics. We also want to determine any differences in the
properties of fragments that are produced at different radii
in the disc. This is important not only for disc studies but
also for simulations of collapsing turbulent clouds as in many
cases in such simulations stars form with a disc that even-
tually fragments to spawn a second generation of low-mass
stars and brown dwarfs.
The effects of radiative transfer are treated in three
ways, (i) with the diffusion approximation of Stamatellos
et al. (2007a), (ii) with the barotropic EOS of Goodwin et
al. (2004a), and (iii) with the barotropic EOS of Bate et
al. (2003). We find that the characteristics of disc fragmen-
tation are different in these three treatments. The number
of fragments condensing out in the disc are fewer for the
Goodwin et al. barotropic EOS than for the Stamatellos
et al. approximation or the Bate et al. (2003) barotropic
EOS. This is expected as the Goodwin et al. EOS is harder,
i.e. matter is hotter at a given density than in the other
two treatments. We also find that there are differences in
the evolution of density and temperature in the fragments
that form in the disc between the barotropic approximations
and the Stamatellos et al. (2007a) diffusion approximation.
Hence, the properties of the objects formed by fragmenta-
tion (e.g. number of objects, masses, binarity) in simulations
using a barotropic EOS (e.g. Bate et al. 2003; Goodwin et
al. 2004a; Bate et al. 2009a) are to be treated with caution
(cf. Attwood et al. 2009).
The paper is structured as follows. In Section 2, we de-
scribe the initial conditions of the discs we examine. In Sec-
tion 3, we describe the numerical method we use to perform
the simulations and the three treatments of the energy equa-
tion used. In Section 4 we discuss the differences between the
three treatments, and in Section 5 we investigate differences
between fragments forming at different disc radii, when the
diffusion approximation is used. In Section 6 we discuss the
resolution achieved by our simulations. Finally, in Section 7
we summarize our results and discuss their implications for
simulations of star formation.
2 DISC INITIAL CONDITIONS
We shall assume a star-disc system in which the central pri-
mary star has initial mass M = 0.7M⊙. Initially the disc
has mass M
D
= 0.7M⊙, inner radius RIN = 40AU, outer
radius R
OUT
= 400AU, surface density
Σ
0
(R) =
0.014M⊙
AU2
(
R
AU
)−7/4
, (4)
temperature
T
0
(R) = 250K
(
R
AU
)−1/2
+ 10 K , (5)
and hence approximately uniform initial Toomre parameter
Q ∼ 0.9. Thus the disc is at the outset marginally grav-
itationally unstable at all radii. Such a disc can cool fast
enough at radii >∼ 70AU , hence it will fragment to spawn a
c© 2009 RAS, MNRAS 000, 1–12
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number of objects having masses from a few to a few hun-
dred Jupiter masses (Whitworth et al. 2007; Stamatellos et
al. 2007b; Stamatellos & Whitworth 2009a,b; Boley 2009).
Observations suggest that the used density and temperature
profiles are not unrealistic. Andrews et al. (2009) estimate
that the disc surface density drops as r−(0.4−1.0), and Oster-
loh & Beckwith (1995) find that the disc temperature drops
as r−(0.35−0.8).
Only a few extended massive discs have been observed
around young protostars (e.g. Eisner et al. 2005, 2008; Ro-
driguez et al. 2005; Eisner & Carpenter 2006). More recently,
Andrews et al. (2009) reported discs in Ophiuchus with
masses up to 0.14 M⊙ and radii up to 200 AU. Stamatel-
los & Whitworth (2009) argue that such massive, extended
discs may be more common during the initial stages of the
formation of a protostar, but they rapidly dissipate (within
a few thousand years) by gravitational fragmentation. For
example the disc around the 0.33 M⊙ protostar HL Tau has
a mass of around 0.1 M⊙ and extends to at least 100 AU,
with a possible low-mass fragment at ∼ 65 AU (Greaves et
a. 2008).
The formation of such discs is inevitable considering
the angular momentum content of their parental cores. For
example, a 1.4M⊙ prestellar core with ratio of rotational
to gravitational energy β ≡ R/|Ω| will – if it collapses
monolithically – forms a protostellar disc with outer radius
R
DISC
∼ 400AU (β/0.01). Since the observations of Good-
man et al. (1993) indicate that many prestellar cores have
β ∼ 0.02, the formation of extended discs should be rather
common.
3 NUMERICAL METHOD
3.1 Hydrodynamics
We use the SPH code dragon (Goodwin et al. 2004a,b;
2006), which invokes an octal tree (to compute gravity and
find neighbours), adaptive smoothing lengths, multiple par-
ticle timesteps, and a second-order Runge-Kutta integra-
tion scheme. The code uses time-dependent artificial viscos-
ity (Morris & Monaghan 1996) with parameters α⋆ = 0.1,
β = 2α and a Balsara switch (Balsara 1995), so as to re-
duce artificial shear viscosity (Artymowicz & Lubow 1994;
Lodato & Rice 2004; Rice, Lodato, & Armitage 2005). The
number of neighbours is set to N
NEIGH
= 50 ± 0 (Attwood
et al. 2007).
3.2 Radiative transfer
The effects of radiative transfer are treated in three ways,
(i) with the diffusion approximation of Stamatellos et al.
(2007a), (ii) with the barotropic EOS of Goodwin et al.
(2004a) (Eq. 3 with ρcrit = 10
−13g cm−3 and γ = 5/3), and,
(iii) with the barotropic EOS of Bate et al. (2003) (Eq. 3
with ρcrit = 10
−13g cm−3 and γ = 7/5).
3.3 The Stamatellos et al. (2007a) diffusion
approximation method
The Stamatellos et al. (2007a) method uses the density and
the gravitational potential of each SPH particle to estimate
an optical depth τi for each particle through which the par-
ticle cools and heats. The net radiative heating rate for the
particle is then
dui
dt
∣∣∣
RAD
=
4σ
SB
(T 4
BGR
− T 4i )
Σ¯2i κ¯R(ρi, Ti) + κP
−1(ρi, Ti)
; (6)
here, the positive term on the right hand side repre-
sents heating by the background radiation field, and en-
sures that the gas and dust cannot cool radiatively below
the background radiation temperature T
BGR
. κ
P
(ρi, Ti) is
the Planck-mean opacity, σ
SB
the Stefan-Boltzmann con-
stant, Σ¯i is the mass-weighted mean column-density, and
κ¯
R
(ρi, Ti), is the Rosseland-mean opacity (see Stamatellos
et al. 2007a for details).
The method takes into account compressional heating,
viscous heating, radiative heating by the background, and
radiative cooling. It performs well, in both the optically thin
and optically thick regimes, and has been extensively tested
(Stamatellos et al. 2007a). In particular it reproduces the
detailed 3D results of Masunaga & Inutsuka (2000), Boss &
Bodenheimer (1979), Boss & Myhill (1992), Whitehouse &
Bate (2006), and also the analytic results of Spiegel (1957)
and Hubeny (1990)
The gas is assumed to be a mixture of hydrogen and
helium. We use an EOS (Black & Bodenheimer 1975; Ma-
sunaga et al. 1998; Boley et al. 2007) that accounts (i) for the
rotational and vibrational degrees of freedom of molecular
hydrogen, and (ii) for the different chemical states of hydro-
gen and helium. We assume that ortho- and para-hydrogen
are in equilibrium.
For the dust and gas opacity we use the parameteriza-
tion by Bell & Lin (1994), κ(ρ, T ) = κ0 ρ
a T b , where κ0, a,
b are constants that depend on the species and the physical
processes contributing to the opacity at each ρ and T . The
opacity changes due to ice mantle melting, the sublimation
of dust, molecular and H− contributions, are all taken into
account.
3.4 Sinks
Sinks are used in the simulations in order to avoid very small
timesteps when the density becomes very high. Sinks are
created when a particle reaches a critical density and the
particles in its neighbourhood (i.e. its 50 neighbours) are
bound (Goodwin et al. 2004a,b; 2006).
The critical density for sink creation is different for the 3
treatments; (i) for the diffusion approximation ρsink = 10
−3g
cm−3, (ii) for the Goodwin et al. barotropic EOS ρsink =
5×10−11g cm−3, and (iii) for the Bate et al. barotropic EOS
ρsink = 10
−13g cm−9. The reason for using 3 different sink
creation threshold densities is connected to the characteris-
tics of each treatment. The diffusion approximation of Sta-
matellos et al. (2007a) can follow self-consistently the evolu-
tion of a fragment to any given density. The only constraint
is computational. For the Goodwin et al. barotropic EOS
a fragment becomes too hot as the density increases, thus
no fragment would form if the sink creation density were set
too high. The same holds for the Bate et al. barotropic EOS,
but for higher densities (see Fig. 4).
The sink radius is set to 1 AU in all three treatments.
Once a particle is within this radius and bound to the sink
c© 2009 RAS, MNRAS 000, 1–12
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then it is accreted onto the sink and its mass is added to the
mass of the sink.
3.5 Radiative feedback
Radiative feedback is included in the treatment using the
diffusion approximation. The radiation of the central star
is taken into account by invoking a background radiation
field with a temperature T
BGR
= T
0
(R) that is a function
of the distance R (on the disc midplane) from this star. In
effect, this means that, if the material in the disc is heated
by compression and/or viscous dissipation, it can only cool
radiatively if it is warmer than T
0
(R) given by Eqn. (5).
Radiative feedback from brown dwarfs and stars formed
in the disc is partially taken into account. Until a proto-
fragment is replaced by a sink the effects of energy dissipa-
tion due to accretion of material onto the first and second
core are treated self-consistently. Once a proto-fragment is
replaced by a sink (10−3 g cm−3) then radiative feedback is
ignored. We expect that because of this high sink creation
density all of the fragments that form in our simulations are
real; any possible additional fragmentation in the vicinity of
each proto-fragment (within 10-20 AU) is suppressed due to
the heating of this region by energy that diffuses outwards
from the accretion shock around the proto-fragments.
Any additional heating due to accretion material onto
a sink is ignored as are deuterium and hydrogen burning
(cf. Krumholz et al. 2007; Offner et al. 2009). The accretion
luminosity could be important during the initial stages of
the formation of an object when the accretion rate is high.
The effect of nuclear burning is probably minimal.
4 THE DIFFUSION METHOD VS THE
BAROTROPIC EQUATION OF STATE
The disc fragments with all three treatments. However, the
path to fragmentation and the outcome of the fragmentation
is different in the three cases (Figs. 1-3).
Initially, before the disc fragments, the instabilities de-
velop with different patterns. To quantify these differences,
we decompose the disc structure at t= 3 kyr, i.e. just be-
fore the discs fragment, into a sum of Fourier components.
We use as our basis a logarithmic spiral, R = R0e
−mφ/ζ ,
where m is the mode of the perturbation, φ is the azimuthal
angle of the SPH particle, and ζ = −m/ tan(β) is a param-
eter that represents the pitch angle β of the spiral (Sleath
& Alexander 1996; Stamatellos & Whitworth 2008). The
Fourier transform is then
F (ζ,m) =
1
N
N∑
j=1
e−i(ζ ln[Rj ]+mφj),
where (Rj , φj) are the co-ordinates of particle j. In Fig. 3
we plot F (ζ,m) against ζ for the m = 1, 2, 3 and 4 modes,
for the three simulations. The maxima in F (ζ,m) identify
the dominant pitch angles of the spirals. The most dominant
mode is the m = 2 in all three cases. However, in the case of
the Bate et al. barotropic EOS there is also a strong m = 4
mode. This results in a ring-like structure forming in the
disc at ∼ 200 AU (Fig. 1). This ring-like structure is the first
to fragment, whereas in the other two cases fragmentation
Figure 2. The mass of the objects formed by disc fragmenta-
tion and their formation radius, using (i) the Stamatellos et al.
(2007a) diffusion approximation (squares) (ii) the Goodwin et al.
(2004a) barotropic EOS (circles), and (iii) the Bate et al. (2003)
barotropic EOS (triangles).
Table 1. The properties of the fragments formed in the disc,
using (i) the Stamatellos et al. (2007a) diffusion approxima-
tion (identifier S; the colour ID refers to Fig. 6) (ii) the Good-
win et al. (2004a) barotropic EOS (G), and (iii) the Bate et
al. (2003) barotropic EOS (B). Ri (AU) is the radius of the
fragment at formation (i.e. when a sink is formed), Mf is the
mass of the fragment at the end of the simulation, and ti the
formation time. δt is the time between the formation of the
first core (ρ ∼ 5 × 10−12 g cm−3) and the formation of the
second core (ρ ∼ 10−3 g cm−3) for the simulation using the
diffusion approximation.
ID Ri (AU) Mf (M⊙) ti δt (kyr)
S1 (red, dashed) 75 0.174 5.0 1.9
S2 (green) 115 0.139 5.9 2.8
S3 (blue) 305 0.097 7.0 3.4
S4 (cyan) 140 0.049 7.3 7.3
S5 (red) 170 0.058 8.9 4.9
S6 (black, dashed) 385 0.037 9.9 3.7
S7 (black) 310 0.031 12.6 7.3
G1 120 0.209 10.9 -
G2 240 0.135 10.9 -
B1 180 0.171 4.1 -
B2 250 0.092 4.6 -
B3 150 0.065 4.7 -
B4 120 0.070 4.9 -
B5 30 0.070 5.3 -
B6 30 0.121 5.4 -
B7 100 0.021 6.5 -
B8 2 0.006 9.4 -
c© 2009 RAS, MNRAS 000, 1–12
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Figure 1. Snapshots of the disc evolution (at times as marked on each column density plot), using (i) the Stamatellos et al. (2007a)
diffusion approximation (left column) (ii) the Goodwin et al. (2004a) barotropic EOS (central column), and (iii) the Bate et al. (2003)
barotropic EOS (right column).
c© 2009 RAS, MNRAS 000, 1–12
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Figure 3. The relative strengths, F , of them = 1, 2, 3 and 4 spiral
modes (solid, dotted, short dash, long dash lines respectively)
at t = 3 kyr (just before the discs start to fragment), against
ζ = −m/ tan(β); β is the pitch angle. Three graphs are plotted,
(i) for the Stamatellos et al. (2007a) diffusion approximation (top)
(ii) for the Goodwin et al. (2004a) barotropic EOS (middle), and
(iii) for the Bate et al. (2003) barotropic EOS (bottom). The
m = 2 is the strongest mode in all three treatments. However,
the m = 4 mode has also a significant strength for the Bate et al.
barotropic EOS.
Figure 4. The evolution of the density and the temperature at
the centre (top) and at distance r = 1 AU from the centre of each
proto-fragment forming in the disc, using (i) the Stamatellos et al.
(2007a) diffusion approximation (shaded cyan) (ii) the Goodwin
et al. (2004a) barotropic EOS (solid blue line), and (iii) the Bate
et al. (2003) barotropic EOS (dashed blue line). Proto-fragments
forming farther out from the central star tend to be hotter (i.e.
lie in the upper part of the shaded region) than proto-fragment
forming close to the central star. The evolution of the density and
temperature at the centre of a 1 M⊙ collapsing cloud core is also
plotted for reference (solid red line; Stamatellos et al. 2007a).
happens first in the inner disc region and then continues in
the outer disc region.
The number of fragments produced with the harder (i.e.
steeper) barotropic EOS of Goodwin et al. (2004a) is smaller
than the number of objects produced with the other two
treatments (Fig. 1; Table 1). This is expected as with a
harder EOS the matter is hotter for a given density; the
increased thermal pressure suppresses fragmentation. In this
simulation only 2 objects form (initially there are 3 proto-
fragments but two of them coalesce before they form sinks).
The two objects have relatively high masses (0.14 and 0.21
M⊙, i.e. they are low-mass hydrogen burning stars; Fig. 2).
The other two treatments produce similar numbers of
objects (7 and 8, for the diffusion approximation and the
Bate et al. barotropic EOS, respectively). However there are
differences in the properties of these objects (cf. Fig. 2; Ta-
ble 1). With the Stamatellos et al. (2007a) diffusion approxi-
c© 2009 RAS, MNRAS 000, 1–12
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mation, fragmentation happens first close to the central star;
the more massive objects form closer to the central star in
the inner disc region where there is more matter for frag-
ments to accrete. Using the Bate et al. (2003) barotropic
EOS, low-mass objects (brown dwarfs) form closer to the
central star, whereas low-mass H-burning stars form in the
outer disc region; the outer disc region fragments first. This
is probably due to the difference in the way the instabilities
grow with these treatments. Using the Bate et al. barotropic
EOS a ring-like structure first forms at ∼ 200 AU and frag-
mentation happens first there; the objects produced in the
ring region are the most massive in the simulation. When
the radiative transfer is treated with the diffusion approx-
imation the m = 2 mode dominates and instabilities grow
faster in the inner disc region where there is more disc mass.
In this case the objects that form in the inner disc region
are the more massive ones.
The evolution of the density and temperature at the
centre of each proto-fragment is shown in Fig. 4 (top graph).
The density and temperature for the barotropic EOSs are
prescribed and follow Eq. 3. The results for the diffusion
approximation are shown in cyan (for all 7 of the proto-
fragments). The density and temperature at the centre of
each proto-fragment are more similar to the values given by
the barotropic EOS of Bate et al. (2003). However, there is
a spread due to the fact that the diffusion approximation
accounts (i) for environmental factors that affect the trans-
port of radiation around each proto-fragment, and (ii) for
thermal inertia effects, which are important for fragments
forming fast in the outer disc regions (see next Section).
The differences are more prominent at 1 AU from the cen-
tre of the proto-fragment (Fig. 4, bottom graph). The tem-
perature, for a given density, is larger when the radiative
transfer is treated properly as the energy diffuses from the
accretion shock around the proto-fragment, and heats its
surroundings.
We thus conclude that the barotropic EOS can capture
only the general way that gravitational instabilities develop
in a disc; a detailed treatment of the radiative transfer re-
sults in a different disc structure, a different path to frag-
mentation, and hence different properties (mass, formation
radius) of the objects formed.
5 THE EVOLUTION OF PROTO-FRAGMENTS
FORMING AT DIFFERENT DISC RADII
We now concentrate on the characteristics of the evolution
of the proto-fragments that form in the disc when the ra-
diative transfer is treated with the diffusion approximation
of Stamatellos et al. (2007a).
The Toomre (Q < 1) and the Gammie (t
COOL
/t
ORB
<
2) conditions for fragmentation are met for all proto-
fragments (Fig. 5), at least for a large period during their
evolution. The cooling time for some of the proto-fragments
that condense out closer to the central star is larger than
the Gammie critical value for a period of up to ∼ 1 kyr but
this does not seem to affect the long-term evolution of these
proto-fragments).
The proto-fragments forming in the disc go through the
same phases as a collapsing 1 M⊙ core (e.g. Larson 1969;
Masunaga & Inutsuka 2000; Stamatellos et al. 2007a). Dur-
Figure 5. The Toomre parameter (top) and the cooling time in
units of the local orbital period (bottom) of the proto-fragments
forming in the disc.
ing the initial stage of their formation the proto-fragments
stay almost isothermal as they are optically thin and the
gravitational energy that is converted to thermal energy can
be readily radiated away. The temperature of the proto-
fragments at this stage is ∼ 10 K, for the ones forming
away from the central star, and up to ∼ 20− 30 K, for the
ones that form close to central star (due to heating from the
star) (Fig. 6, T). The proto-fragments get denser, become
optically thick, and start heating up. The increased ther-
mal pressure slows down the collapse, and quite often the
proto-fragments experience an adiabatic bounce (Fig. 6, ρ).
When a proto-fragment cannot cool fast enough, i.e. close
to the central star, this bounce is followed by the shearing
apart of the proto-fragment, due to gravitational torques.
Proto-fragments that form farther away from the central
star (>∼ 60 − 70 AU) survive and as they accrete mate-
rial from the disc, they start to contract once again (and
maybe bounce again) until the first hydrostatic core forms
(ρ ∼ 5 × 10−12 g cm−3). This core then contracts quasi-
statically on a Kelvin-Helmholtz timescale. The first core
grows gradually in mass, and its density and temperature
increase slowly. When the temperature at its centre reaches
2000 K, the second collapse starts, as the energy delivered
c© 2009 RAS, MNRAS 000, 1–12
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Figure 6. The evolution of the properties of the proto-fragments
formed in the disc using the Stamatellos et al. (2007a) diffusion
approximation. From top to bottom for each proto-fragment are
plotted (until each one is replaced by a sink at 10−3 g cm−3) (i)
the density at the centre of the proto-fragment, (ii) the tempera-
ture at the centre of the proto-fragment, (iii) the distance of the
proto-fragment from the central star, (iv) the mass within 1 AU
from the centre of the proto-fragment, and (v) the mass within
5 AU from the centre of the proto-fragment.
by the compression does not heat the core further, but in-
stead goes into the dissociation of molecular hydrogen. The
second collapse leads to the formation of the second core
(i.e. the protostar or proto- brown dwarf).
The above general characteristics are the same for all
proto-fragments forming in the disc but there are notable
differences in the way that proto-fragments condense out in
the disc at different distances from the central star. Gen-
erally speaking, proto-fragments closer to the central star
start forming earlier than proto-fragments farther away, as
the gravitational instabilities develop faster in the inner
disc region. They grow in mass gradually and take about
∼ 3 − 4 kyr, to reach the stage of the first core. On the
other hand, proto-fragments that form farther away from
the central star, they start forming at later times, but they
reach the first core stage by growing in mass rather abruptly
(∼ 20 − 100 yr) due to spiral arms interacting with each
other, and interactions and/or mergers with other proto-
fragments (see the sharp increase of density, temperature
and mass within 5 AU for the last two proto-fragments form-
ing in the disc at t ∼ 40 kyr and at t ∼ 50 kyr, respectively;
Fig 6).
The first core of a proto-fragment grows in mass gradu-
ally through accretion of material from the disc, and some-
times episodically with help from special accretion events,
such as interactions and/or mergers with other proto-
fragments in the disc or a passage from a spiral arm. Proto-
fragments closer to the central star evolve faster from the
first to the second core than proto-fragments forming in the
outer disc region (Table 1). The main reason for this is that
there is more mass in the inner disc region for the proto-
fragments to accrete and grow. There is an inverse correla-
tion between the mass available within 5 AU from the centre
of a proto-fragment (Fig. 6, bottom) and the time that the
proto-fragment takes to evolve from the first core to the sec-
ond core (Table 1). In the absence of a pool of material avail-
able for accretion it is possible that these proto-fragments
might evolve on a much longer timescale (on the order of a
few tens of kyr). Another reason for the longer time needed
for proto-fragments forming farther out in the disc to evolve
to the second core is that they tend to be hotter (at a specific
density) than proto-fragments forming closer to the central
star; the temperature vs density relation for the former tends
to be on the upper part of the cyan shaded region in Fig. 4,
whereas for the latter tends to be on the lower part of the
shaded region. This is due to the timescale of formation of
the first core. As mentioned previously, proto-fragments in
the inner disc region accumulate the mass of the first core
over a period of ∼ 3−4 kyr, whereas proto-fragments in the
outer disc region do that much faster, within ∼ 20− 100 yr.
Thus, the former radiate away the energy provided by the
collapse gradually as the first core forms (the radiative cool-
ing timescale is on the order of 1-10 kyr), whereas the latter
have to radiative this energy away after the first core forms.
This is a thermal inertia effect, and thus cannot be captured
using a barotropic EOS.
The initial masses of the first cores (i.e. within ∼ 1 AU)
are similar for all the proto-fragments forming in the disc
(∼ 20 MJ). However proto-fragments closer to the central
star will accrete more mass from the disc and become the
higher mass objects formed in the disc (high-mass brown
dwarfs or low-mass H-burning stars; Stamatellos & Whit-
worth 2009a,b).
6 NUMERICAL REQUIREMENTS OF DISC
SIMULATIONS
We use 150,000 particles to represent the disc, which means
that the minimum resolvable mass (corresponding to the
number of neighbours used, i.e. 50 SPH particles) is ≈
0.25M
J
. We have also performed simulations using 250,000
and 400,000 particles (Stamatellos & Whitworth 2009a). In
these simulations the growth of gravitational instabilities,
and the properties of the proto-fragments formed as a re-
sult of these instabilities, follows the same patterns as in
the simulation with lower resolution. The final outcome is
different in detail, but this is to expected as (i) these simula-
tions have different seed noise (due to random positioning of
the particles), and (ii) the gravitational instabilities develop
in a chaotic, non-linear way. The simulations appear to be
converged, in a statistical sense.
Nelson (2006) set a number of numerical requirements
for disc simulations. These requirements were devised in
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Figure 7. The Jeans mass (in Jupiter’s masses; top) and the
Jeans wavelength (in AU; bottom) of the proto-fragments form-
ing in the disc. The minimum Jeans mass in our simulation is
M
JEANS,MIN
≈ 2MJ). This mass is adequately resolved in the
simulation (corresponds to ∼ 8×N
NEIGH
).
the context of the specific simulations performed by Nel-
son (2006), hence they have limitations. Nevertheless, they
provide useful guidelines for the resolution requirements of
disc simulations. In the next subsections we discuss how our
simulation satisfies these requirements.
6.1 Resolving the Jeans mass and the Toomre
mass
It has been shown that in order to avoid numerical (artificial)
fragmentation the spatial resolution of the simulation has to
be smaller that the local Jeans wavelength
λJ =
(
pic2s
Gρ
)1/2
(7)
by a factor of a few (∼ 4; Truelove et al. 1997). For SPH
simulations this means that the local Jeans mass
MJ =
4pi5/2
24
c3s
(G3ρ)1/2
(8)
Figure 8. The Toomre mass (in Jupiter’s masses; top) and the
Toomre wavelength (in AU; bottom) of the proto-fragments form-
ing in the disc. The minimum Toomre mass in our simulation is
M
TOOMRE,MIN
≈ 2.5MJ). This mass is adequately resolved in the
simulation (corresponds to ∼ 10 ×N
NEIGH
).
must be resolved by 2 × N
NEIGH
particles (Bate & Burk-
ert 1997). The Jeans mass and the Jeans wavelength of the
proto-fragments forming in the disc are shown in Fig. 7. The
minimum Jeans mass in our simulation is M
JEANS,MIN
≈
2MJ. Thus, according to the Bate & Burkert (1997) condi-
tion, this mass is adequately resolved in the simulation as it
corresponds to ∼ 8×N
NEIGH
(N
NEIGH
= 50).
Nelson (2006) argues that in disc simulations it is more
appropriate to be able to resolve the Toomre length
λT =
2c2s
GΣ
(9)
and the corresponding Toomre mass
MT =
pic4s
G2Σ
. (10)
By performing numerical experiments Nelson (2006) con-
cludes that the Toomre mass must be resolved by a min-
imum of 6 × N
NEIGH
. The Toomre mass and the Toomre
wavelength of the proto-fragments forming in the disc are
shown in Fig. 8. The minimum Toomre mass in our simu-
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lation is M
TOOMRE,MIN
≈ 2.5MJ). This mass is adequately
resolved as it corresponds to ∼ 10×N
NEIGH
.
6.2 Variable gravitational softening
We use a variable gravitational softening that is set equal
to the smoothing length, i.e. the length scale over which
hydrodynamic quantities are smoothed. Thus, according to
Whitworth (1998) and Nelson (2006) we avoid artificial sup-
pression or enhancement of structure.
6.3 Resolving the vertical disc structure
Nelson (2006) suggests that in order to avoid underestimat-
ing the disc midplane density the vertical disc structure must
be resolved by at least ∼ 4 smoothing lengths per scale
height. We note however that this criterion has been de-
vised for isothermal, equilibrium discs and it is uncertain (i)
how it relates to self-gravitating discs, and (ii) how it affects
fragmentation.
In Fig. 9 we plot the ratio of disc scale height H to local
smoothing length h for each proto-fragment forming in the
disc. The scale height is calculated by assuming that the disc
extends vertically up to 3H . The disc scale height is gener-
ally resolved with at least ∼ 5 smoothing lengths, satisfying
the Nelson (2006) condition. Hence, the disc is resolved ade-
quately despite the fact that the number of particles used is
less that the number suggested by Nelson (2006). The reason
for this is that we simulate the outer disc region where the
disc thickness is relatively large; therefore a smaller number
of particles is needed to resolve the vertical disc structure.
Nelson (2006) also argues that in simulations with ra-
diative transfer the disc photosphere must be also resolved
properly in order to accurate calculate the energy radiated
away. The number of particles that used in our simula-
tion are not adequate to resolve the disc photosphere but
tests have shown that the vertical disc temperature profile
is properly captured with our radiative transfer method (see
Stamatellos & Whitworth 2008). More specifically we have
shown that the disc temperature profile in a similar disc sim-
ulation fits well the temperature profile that is analytically
calculated by Hubeny (1990).
7 DISCUSSION
We have examined the role of thermodynamics in the prop-
erties of low-mass objects formed by fragmentation of mas-
sive, extended discs around Sun-like stars. We have focused
on the regime of gravitationally unstable discs that can cool
fast enough, i.e. discs that fragment. Different treatments of
radiative transfer result not only in a different number of
objects formed in the disc but also in objects with different
characteristics, i.e. different mass and formation radius dis-
tributions. It is also expected that different radiative transfer
treatments may determine whether a disc can fragment or
not, but in the current paper we have not investigated this.
The disc thermodynamics were treated with 3 differ-
ent prescriptions (i) with the diffusion approximation of
Stamatellos et al. (2007a), (ii) with the barotropic EOS of
Goodwin et al. (2004a), and (iii) with the barotropic EOS
Figure 9. The ratio of disc scale height H to local smoothing
length h for each proto-fragment forming in the disc. The disc
scale height is generally resolved with at least ∼ 5 smoothing
lengths (apart from the fragment forming closer to the central
star; cyan line), satisfying the Nelson (2006) condition.
of Bate et al. (2003). The barotropic approximations cap-
ture the general evolution of the density and temperature
at the centre of each proto-fragment (cf. Fig. 4) but (i)
they do not make any adjustments for the particular cir-
cumstances of different proto-fragments forming at different
locations in the disc, and (ii) they do not take into account
thermal inertia effects (Boss et al. 2000) that are important
for fast-forming proto-fragments in the outer disc region.
Hence, they cannot reproduce the spread of the evolution of
the density and temperature for different proto-fragments
and for different distances from the centre of each proto-
fragment (cf. Fig. 4). As a result, the properties of objects
formed in the disc when a barotropic EOS is used are differ-
ent. This is important not only for disc simulations but also
for simulations of collapsing clouds, as in these simulations
frequently stars form with discs that later become unstable
and fragment (e.g. Attwood et al. 2009).
The importance of thermodynamics and radiative feed-
back in simulations of star formation has already been
pointed out by the works of Boss et al. (2000), Attwood et al.
(2009), Bate et al. (2009a,b), and Offner et al. (2009). These
authors compare simulations of star formation in collapsing
clouds using barotropic EOSs and using different approxi-
mations for the radiative transfer, and find that indeed the
treatment of radiative transfer is critical for the properties
of the objects produced in the simulations.
Boss et al. (2000) study the collapse of a rotating cloud
core with a smallm = 2 perturbation and find that using the
Eddington approximation for the radiative transfer the core
fragments into a binary, whereas using a barotropic EOS the
collapse results in the formation of a single star.
Bate et al. (2009a,b) find that using the diffusion ap-
proximation fewer objects form, whereas Attwood et al.
(2009) find the opposite; more objects form when switch-
ing from a barotropic EOS to the diffusion approximation.
However, these authors compare the results obtained using
the diffusion approximation with the results obtained us-
ing different barotropic EOSs; Attwood et al. (2009) use the
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harder barotropic EOS of Goodwin et al (2004a). As we find
in the current paper, it is expected that the simulations of
Attwood et al. (2009) (with the barotropic EOS of Goodwin
et al. 2004a) should produce fewer objects than the simula-
tions of Bate et al. (2009a,b) (also with a barotropic EOS).
Hence, the results for Attwood et al. (2009) and Bate et al.
(2009a,b) are probably consistent.
Attwood et al. (2009) and Bate et al. (2009a,b) include
radiative feedback from accretion onto young protostars but
only for accretion onto the sink radius (∼ 0.5−5 AU). There-
fore, the bulk of radiative feedback from accretion of mate-
rial onto the protostars is ignored. Offner et al. (2009) use a
sub-grid protostellar model to account for this feedback and
additional feedback from nuclear burning in the protostar.
They find that radiative feedback tends to suppress frag-
mentation; fewer objects formed when compared with sim-
ulations using a barotropic EOS. Matzner & Levin (2005)
and Whitworth & Stamatellos (2006) estimate that for Sun-
like stars radiative feedback suppresses fragmentation only
close to the central star (up to ∼ 100 AU), so radiative feed-
back may only be critical for rapidly-accreting central stars
(Krumholz 2006).
We have also examined the difference in the way proto-
fragments condense out in the disc at different distances
from the central star (Fig. 6). We find that proto-fragments
forming closer to the central star tend to form earlier and
evolve faster from the first core to the second core than
proto-fragments forming in the outer disc region. The former
have a large pool of material in the inner disc region that
they can accrete from and grow in mass. The latter accrete
more slowly and they are hotter (cf. Fig. 4) because they
form fast in an abrupt event (e.g. an interaction or merger
with other proto-fragments, or spiral arm interactions in the
disc).
We conclude that disc thermodynamics plays a critical
role in disc fragmentation affecting not only the number of
objects produced in a fragmenting disc but also their prop-
erties, i.e. their mass, radius of formation, and formation
time.
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